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QCD vacuum gluon fields are modelled by hyperspherical domains of constant
field strength. The pure glue theory confines static quarks. Solutions of the Dirac
operator have chirality properties in agreement with lattice results.
Long-range gluon fields in the QCD vacuum are suspected to be sources
for confinement and chiral-symmetry breaking. We proposed1 a Euclidean-
space model for such fields as idealised domains of hyperspherical geometry
enclosing regions of covariantly constant Abelian self-dual or anti-self-dual
field strength2. The domains are characterised by two parameters, R and
B, the average domain size and field strength magnitudes respectively. We
assign the following boundary conditions to gluon Aµ and quark ψ fluctu-
ations respectively at the j-th domain: n˘(j)A
(j)
µ = 0, and
ψ = i 6η(j)eiαjγ5ψ, ψ¯ = −ψ¯i 6η(j)e−iαjγ5 , (1)
for quarks, with antihermitian γ matrices and γ5 = γ1γ2γ3γ4. These
conditions can arise from the presence of finite action singular fields at
the boundaries. The adjoint matrix n˘(j) = T
ana(j), n
a
(j) a constant unit
vector selecting the Cartan subalgebra, appears in the condition for glu-
ons, and for the quarks the unit radial vector η
(j)
µ (x) = xµ/|x| is normal
to the j-th surface. The covariantly constant (anti-)-self-dual mean field
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F aµν(x) =
∑N
j=1 n
(j)aB
(j)
µν θ(1 − (x − zj)2/R2), with B(j)µνB(j)µρ = B2δνρ in
each domain, compensates for a decoupled treatment of domains.
To zeroeth order in gluon fluctuations the model gives a gluon conden-
sate density g2〈F aµν(x)F aµν (x)〉 = 4B2, topological charge per domain q =
B2R4/16, topological susceptibility χ = B4R4/128π2, and an SU(3)colour
string tension of the form σ = Bf(BR2) with the function
f(z) =
2
3πz
(
3−
√
3
2πz
∫ 2piz/√3
0
dx
x
sinx− 2
√
3
πz
∫ piz/√3
0
dx
x
sinx
)
which is positive for z > 0 and has a maximum for z = 1.55. Estimating the
model parameters at this z−value we fit the string constant to the lattice re-
sult, and obtain
√
B = 947MeV, R−1 = 760MeV, and thus get for the glu-
onic parameters of the vacuum
√
σ = 420MeV, χ = (197MeV)4, αspi 〈F 2〉 =
0.081(GeV)4 and q = 0.15, while the density of the system is 42 fm−4. An
area law does not occur for adjoint charges because of the presence of zero
eigenvalues of the adjoint matrix naT a.
The massless Dirac operator in a domain,
(i 6D − λ)ψ(x) = 0, Dµ = ∂µ + i
2
nˆBµνxν ,
subject to the boundary condition Eq. (1), is exactly soluble3. The matrix
nˆ is in the fundamental representation. We decompose eigenspinors via
ψκ = i6ηχκ + ϕκ, γ5χκ = ∓χκ, γ5ϕκ = ∓ϕκ,
where χκ = − 1iλκ 6 η 6Dϕκ, and 6D2ϕκ = λ2κϕκ. To give the quantum
numbers κ we use projectors N± = 12 (1 ± nˆ/|nˆ|) and Σ± = 12 (1 ± ~Σ ~B/B)
with Bˆ = |nˆ|B and the mixed projector Oζ = N+Σζ +N−Σ−ζ with ζ = ±.
Then κ = (ζ, n, k,m1,2). Eq.(1) gives χκ = e
∓iαϕκ on the boundary if the
domain is (anti-)self-dual, possible only if the chiralities of the spinors χ
and ϕ are consistent with the duality of the vacuum gluon field: γ5ϕ = ∓ϕ
and γ5χ = ∓χ if the field Bµν is (anti-)self-dual. The discrete eigenvalues
λκ include then a principal quantum number n = 1, 2, . . .. The angular
momentum orbital and azimuthal quantum numbers take values k = 0, 1, . . .
and m1,2 = −k/2, . . . , k/2. Zero modes λ = 0 are absent.
As an application, we study the local chirality parameter X(x) defined4
via tan
(
pi
4 (1−X(x))
)
=
√
ψ†(x)(1−γ5)ψ(x)
ψ†(x)(1+γ5)ψ(x)
which gives X(x) = ±1 at x
where γ5ψ(x) = ±ψ(x). For lattice overlap fermions, histograms of X mea-
sured at maxima of ψ†ψ for low-lying overlap-Dirac eigenmodes peak5 at
X ≈ ±1 suggesting that low-lying modes are strongly chiral and filter the
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duality of “lumps” underlying the gauge field fluctuations. At domain cen-
tres radial modes are exactly chiral and probability densities are maximal.
The “width” of the peaks at half-maximum for these modes is α-dependent
and of the order 0.12−0.14fm. The chirality of the modes are characterised
via a histogram by averaging X(x) over a small neighborhood of the do-
main centre. With all α equally probable, we compute the probability to
find a given value of smeared X among a set of modes. The result in Fig. 1
is for the lowest modes and all spin-color orientations. The double peaks at
X ≈ ±0.8 and the above values for width and density of domains are consis-
tent with the lattice5,6. This is argued to signal spontaneously broken chiral
symmetry on the lattice. In our model this is achieved without fermionic
zero modes; strongly chiral low-lying modes suffice. Explicit calculation of
the chiral condensate in the model is underway, though an estimate of the
condensate density at the domain centre1 gives −(228MeV)3.
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Figure 1. Histogram of chirality parameter X¯ averaged over the central region with
radius 0.025fm. Plots given in solid, dashed and dot-dashed lines incorporate all modes
with n ≤ 2, n ≤ 4 and n ≤ 6 respectively.
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